Exact bending solutions of fully clamped orthotropic rectangular thin plates subjected to arbitrary loads are derived using the finite integral transform method. In the proposed mathematical method one does not need to predetermine the deformation function because only the basic governing equations of the classical plate theory for orthotropic plates are used in the procedure. Therefore, unlike conventional semi-inverse methods, it serves as a completely rational and accurate model in plate bending analysis. The applicability of the method is extensive, and it can handle plates with different loadings in a uniform procedure, which is simpler than previous methods. Numerical results are presented to demonstrate the validity and accuracy of the approach as compared with those previously reported in the bibliography.
Introduction
Orthotropic rectangular plates are encountered in various engineering applications of composite materials. Thus the bending of orthotropic, especially isotropic, rectangular thin plates has been studied extensively by many authors. However, so far it has been difficult to obtain solutions which can exactly satisfy both the partial differential equation and the boundary conditions of a plate except for the case with two opposite sides simply supported (i.e. Navier's solution, Levy's solution, etc). One of the most commonly used methods to derive exact bending solutions of isotropic plates is the superposition method [1] , which could be extended to orthotropic plates. However, the method involves a complex superposition of many solutions which should be renewed even in the same problem when different loads are subjected to the plate. Besides, a number of numerical methods have been utilized by many researchers to analyze plate bending problems such as the finite difference method [2] [3] [4] [5] , finite element method [6, 7] , finite strip method [8] , integral equation method [9] , method of discrete singular convolution [10] , method of differential quadrature [11] , differential quadrature element method [12] , meshless method [13] and spline element method [14] .
The integral transform has been used to obtain exact solutions of specific partial differential equations in the theory of elasticity [15] , while it was employed in the analysis of certain engineering problems [16] . However, to the best of the authors' knowledge, there have been no reports of the method on the analysis of clamped orthotropic rectangular plates. In the present paper, a double finite sine integral transform method is adopted to acquire exact bending solutions of fully clamped orthotropic rectangular thin plates under arbitrary loadings. Compared with the traditional semi-inverse approaches in the analysis of plates using classical plate theory by Timoshenko [1] etc., the analysis here is completely rational without any trial functions. The solution procedure enables one to derive exact solutions for more plate problems which hitherto have been treated via semi-inverse or approximate methods. The present method can be easily employed for other combinations of boundary conditions. Moreover, it can be further extended to problems of moderately thick and thick plates as well as buckling, vibration, etc. To verify the accuracy of the approach the presented numerical results are compared with those found in the literature. Excellent agreement has been achieved, which confirms the accuracy and applicability of the present approach.
Application of integral transform and exact bending solutions for a fully clamped orthotropic rectangular plate
Consider a fully clamped orthotropic rectangular thin plate of length a, width b and total thickness h, as shown in Fig. 1 , where 0 ≤ x ≤ a and 0 ≤ y ≤ b. The governing partial differential equation for bending of the plate for which the principal directions of orthotropy coincide with the x and y axes [1, 17] is
where W is the transverse deflection of the plate midplane, q is the distributed transverse load, and D x and D y are the flexural rigidities about the y and x axes, respectively; H = D 1 + 2D xy is called the effective torsional rigidity, in which
is defined in terms of the reduced Poisson's ratios ν 1 and ν 2 , respectively.
The internal forces of the plate are
V y = Q y + ∂M xy ∂x (8) where M x and M y are the bending moments, M xy is the torsional moment, Q x and Q y are the shear forces, V x and V y are the effective shear forces, and D xy = Gh 3 12 is the torsional rigidity, where G is the shear modulus. The boundary conditions of the plate can be expressed as
In the particular case of isotropy, we have
D, where D is the flexural rigidity and ν is Poisson's ratio. Hence the above equations can reduce to those of an isotropic plate.
To solve the partial differential equation Eq. (1), a double finite sine integral transform approach is utilized. Since W (x, y), defined within a rectangular domain 0 ≤ x ≤ a and 0 ≤ y ≤ b, is a function of the independent variables x and y, a double finite sine integral transform is defined as
The inversion formula can be represented as (15) in which four boundary conditions, i.e. Eq. (9), have been imposed to simplify the expressions. By performing the double integral transform on Eq. (1) and substitution of the resulting equation into Eqs. (13)- (15), one gets
sin α m xdx = q mn (16) where
q (x, y) sin α m x sin β n ydxdy represents the transform of the load function q (x, y). Let
Accordingly, Eq. (16) is expressed in terms of unknown constants I m , J m , K n and L n as 
Substituting Eq. (18) into Eq. (20), we arrive finally at The bending moments along the clamped edges can be obtained conveniently using the expression Table 3 Deflections and bending moments for a fully clamped isotropic rectangular plate under central concentrated load (ν = 0.3).
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Substituting the obtained constants I m , J m , K n and L n into Eq. (18), then (12) gives the bending solutions of a fully clamped orthotropic rectangular plate. The results are theoretically exact solutions when m and n → ∞, while in practice one can obtain the desired accuracy by taking an appropriate number of terms.
Numerical examples
To validate the proposed formulation, a fully clamped isotropic rectangular plate under three types of load distribution is examined:
(1) a uniform load of intensity q; (2) hydrostatic pressure with the intensity qx; (3) a load P concentrated at the center of the plate.
Comparisons with the results of Timoshenko and Woinowsky-Krieger [1] including the transverse deflections and bending moments at specific locations for cases above are presented in Tables 1-3 , respectively, which show excellent agreement.
For future comparison, exact bending solutions of a fully clamped orthotropic plate subjected to a concentrated load at the center of the plate are obtained, and some numerical results are tabulated in Table 4 . For sufficient accuracy of the solutions, we take the first 100 terms of I m , J m , K n and L n in the calculation. It should be noted that the convergence of the results is not so fast because of the double trigonometric series adopted. However, the simultaneous equations can be solved without any difficulty using mathematical packages such as MATLAB; and above all, the value of the present approach lies in its excellent ability to obtain exact bending solutions of a plate.
Conclusions
In this paper an exact bending solution of a fully clamped orthotropic rectangular thin plate is elegantly obtained by the double finite sine integral transform method. The mathematical approach employed does not require the preselection of a deformation function, which can scarcely be avoided in the traditional semi-inverse approaches. Also, the present approach provides an efficient and unified procedure for accurate plate bending analysis. The method can be easily employed for other combinations of boundary conditions. Moreover, it can be further extended to problems of moderately thick and thick plates as well as buckling, vibration, etc.
